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more, if a — 0, then e — $ = 0 or ir so that cos(e — <£) =
ilinEq. (1). Finally then,

±70/74? = cota — k csca at a = Q = 0

that is, 77 = ±F(a,k) where A; is some constant.
It can be seen that & = H-u/7*p (p ^p 0), and, if evaluated

prior to entry into an atmosphere, k = (1 + ??o2)1/2 cos/3 =
cos/3/cos5 where ft represents the time average angle of attack
and d represents the precessional half cone angle at the high
altitudes above the sensible atmosphere. It might be noted
from Eq. (5) that, since Cm < 0 for an aerodynamically stable
body, minO corresponds to maxa and vice versa. The
analysis shows good agreement with six degree of freedom
digital program results as shown by Fig. 2. The curves
77 = +F(a, k) associated with large angles of attack are
usually the regions of interest.

Though T) and thus 770 are known from body-fixed rate
gyro flight data, as a rule, only an estimate of ft can be made
from a trajectory analysis, thus necessitating a more precise
determination of k. To ascertain k for rj = +F, invert
this relation to give (1 + 77 2) sin a: = — r)k + £ and (1 + ??2)
cosa - k + r?£ where | = (1 + t?2 - F)1/2.

Consider successive times at which a = 0 = 0, then

= fc(fc - £0(1

(1 + *?i2)(l + ??22) cosAa = k(& - £1X772 - ^ +
(*«+&&)(!

Eliminating &(£> — £1) gives

£i& = (1 + 171172) cosAa — (772 — 771) sinAa — k2

Squaring both sides eliminates k4, and then it can be shown
that k = k* sin (6 — Aa| ) where

Table 1 Plane of angle of attack

** = [(1

and

(1 +

2(1 cos(0 -

772 — arctan?7i|

From Eqs. (2-4), it can be shown that

ffo
Aa = - \(qq + rr)[(q - err)2 + (r + <rq)*\-ll2dt

An evaluation of the envelope parameter k several times (i.e.,
for several pair of points where a = & = 0) serves as a check
on the data reduction program since k should be a consant
for any given flight.

In order to avoid evaluating q and f, the following approxi-
mation is proposed:

Aa ^ — X > ///,X - (///,) + 1

where

X = !(NTT - &€)/IxpAt N = 0, ± 1, =b 2 . . .

and e is determined from Table 1 wherein 7 = arctan r/q\,

The integer Af is chosen on the basis that the computed A a
will give a value of k which matches the estimated value
given by k = (1 + i7o2)1/2 cos/3 and a trajectory analysis.

The analysis for the case where there is no spin (p = 0)
is similar and simpler:

0 sina = [1 + (ft/002 - 2(ft/12i) cosAa] "^ft sin| Aa|

When the angle-of-attack oscillations are fairly well devel-

7T + T

7T — 7

2ir - 7
7

oped, an approximate value of density can be found by
integrating Eq. (5), thus

Pm ^ -

Cmda

where

and

Thus, the additional knowledge of velocity, the aerodynamic
pitching moment coefficient, and, presumably, altitude is
needed.
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Analysis

IF we define the clustered nozzle exit area ratio (cc) as the
circular area enclosing all units divided by the total throat

area, and the unit nozzle area ratio (cjv) in the conventional
manner, then, for nozzles touching,

€c/6N = (TT/AT + Cos0)2/AT

where N is the number of units, and 0 is the unit nozzle in-
clination angle.

This simple geometric relationship, combined with well-
known isentropic relationships connecting the Prandtl-Meyer
angle to the increase in area ratio (from e# to ec), is quite
helpful in indicating the practical range for a clustered ar-
rangement. For example, a typical rocket motor with ec =
40 and e^ = 7.5 requires 44 units and a 27° inclination angle
if axial flow at ec is desired. Also, the cluster arrangement is
found to be mainly attractive with more than 12 units. With
a lower number of units, only a small difference between eN
and ec is obtained, the individual nozzles are directed almost
axially, and the total thrust is essentially the sum of the in-
dividual nozzle thrusts.

Test Model and Facilities

All of the data were obtained with high-pressure cold dry
air. The plug contours were designed by the axisymmetric
method of characteristics assuming annular flow. The in-
dividual units were truncated perfect nozzles.1 The 24-unit
model, shown schematically in Fig. 1, was designed with e# =
4 and ec = 16. Axial and lateral forces were measured directly
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and the weight flow computed with a calibrated bell-mouth.
A description of the facility is contained in Ref. 2.

Test Results

The ability of a plug nozzle to adjust to various back pres-
sures is well known.3 A comparison of the off-design char-
acteristics of the cluster and annular plug nozzle is contained
in Fig. 2. The performance parameter used (CV) is the ratio
of measured to ideal thrust calculated from the measured
weight flow and an isentropic expansion to ambient pressure.
The nozzles were tested with several plug lengths obtained by
truncating the full-length design contour. As shown in Fig.
3, drastic reductions in plug length have little or no effect on
performance.

The effects of spacing between units of the cluster were
obtained by blocking the flow through several nozzles to pro-
vide symmetric configurations of 12 and 8 operating units.
For large gaps between nozzles, the performance loss is ap-
preciable as shown hi Fig. 4. The loss is due to the depres-
surization of the base area between units. A change in plug
contour was successful in eliminating this loss.

Results of vectoring by throttling units are shown in Fig. 5.
It should be noted that increasing plug length decreases the
effectiveness of this type of vectoring. The longer plug acts
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Fig. 3 Effect of plug length.

as a flow diverter, rearranging the initial asymmetric flow back
to an almost uniform flow in the axial direction. Note par-
ticularly that the side forces actually change sign as the plug-
length is increased. The results of plug gimballing (Fig. 6)
indicate that large angular movements are required to obtain
significant side forces. Vectoring by secondary fluid injec-
tion normal to the plug surface yielded results similar to injec-
tion in a conventional bell nozzle.

Summary and Conclusions

The plug cluster nozzle designed with closely spaced units
has performance levels and characteristics identical to the
annular plug nozzle. Without modification to the isentropic
plug contour, widely spaced units can result in significant
thrust losses. Severe truncation of the plug causes little or no
loss in performance.

Thrust vector control can be accomplushed in several ways.
For gimballing or throttling of individual units, the maximum
effectiveness is obtained with zero plug length. Shock vector
control via secondary injection through the plug wall yielded
results equivalent to the same technique in a conventional
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nozzle. Gimballing a portion of the plug appears to be rela-
tively inefficient, particularly since that portion of the plug
which is gimballed can be removed with no decrease in per-
formance. The most promising methods of vectoring appear
to be throttling or gimballing the individual nozzles with the
shortest plug length consistent with satisfactory unvectored
performance.
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Falkner-Skan Equation for Wakes

K. STEWARTSON*
Durham University, Durham City, England

THE existence of physically acceptable solutions of the
Falkner-Skan equation

subject to the boundary conditions

/(O) =/"(0) = 0 (2)
in the range — J ^ /3 < 0 was pointed out by the present
author some ten years ago.1 These solutions have some
relevance to the flow in the laminar wake behind a flat-based
body, as has been noted by Kennedy,2 who has also carried
out further and more accurate integrations of the equation.
From a study of the solutions obtained, he conjectures that as
0->0-

/'-/o' (3)

apart from a shift of origin, where /0 is the solution of (1), with
ft = 0, and satisfying

/o'(-«) = 0 (4)

This function has been computed by Chapman.3
Further points of interest from the numerical studies1-2 are

that, if -0.1988 < ft < 0, /'(O) < 0, which means that the
flow direction in the wake is reversed, and that as ft -> 0—,
/(O) -»• 0— having a vertical tangent there. An estimate of
the dependence of/'(O) on ft near ft = 0 has been given earlier,1
and in this note an improved version is obtained.

We take (3) as our starting point and show that a consistent
solution can be derived from it when ft is small. Choose the
origin of the independent variable -q in (1) so that as 77 ->• — oo

/o = - 72 (5)

where q = 0.876 . . . . In consequence, the boundary condi-
tions in (2) are that/ and/'' vanish together at some value 77*
of 77, to be determined. From the numerical integrations, it
may be expected that 77* -^ — <» as j3 -^ 0—. The implication
of (3) is that, when \ft\ is small and 77 = 0(1), we can write

/ = /o + ofi (6)
where a is a small number. Substituting in (1),
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and we now make the further assumption that |/3J <<c a. The
right-hand side of (7) is then negligible in the limit a -+ 0, and
the general solution for/! is

(8)

= Aft + 5(77/0' + /0) + 0(77/0' + /0) X
f tf n j
/o/o tfq M

(2/o'2+/o"')2

where A, B, C are constants. Since/i'(°°) = 0; #•'= 0, and
hence, on substituting the known values of/o and integrating,
we find that as 77 -> — °o

where 6 = 1.765/g = 2.014. Writing a = -aC/q2, it follows
that

0(«2, ft) (10)

as 77 —»• — oo. It is noted that if a < 0, / > 0 for sufficiently
large and negative 77. In turn, this implies that /"ultimately
increases exponentially, so that the expansion (5) is not uni-
formly valid for all 77. However, we are only interested in
values of 77 > 77*, at which point / vanishes, but we need to in-
sure that here f also vanishes. When 77 <$c — 1, /'2 <^ 1; and
the governing equation takes on the form

/'"+//" = -ft (11)

We can no longer neglect ft, because/7' is exponentially small
when 77* < 77 <<c — 1, but this means that to a first approxima-
tion we can replace/in (11) by (10), so that (11) becomes

/'" - (q + ab + ai?)/" = -ft (12)

with solution

/" = D exp -^ (0:77 + ab + qY - ft X

exp - — (#77 + ab + g)2 X

f * [~— ' 4- 4-
J o j_2o!

Now when 77 = 0(1) but large,

/'" « q3eqrj (14)

from (5), whence

[ 1 1 f q2 "1— — (q + oibY = q3 exp — —- — qb \ (15)2a J L 2a J

Furthermore, using (10), f = 0 when
77 = 77* =, g/a + b (16)

and/" = 0 at this point if

ft = -Z)(2a/7r)1/2 (17)

Having obtained an estimate for ft in terms of a, the various
assumptions made in the course of the argument can now be
shown to be consistent. In particular, the neglect of ft in (7)
and the assumption that the perturbation of / from (10) is
negligible even when 77 = 0(a~1) is justified. We conclude
that, when/ = /" = 0,

/ '= - (18)
whence, returning to the origin of 77 implied in (2), we have
that, as a-^0+,

ft » - -g6 - q2/2a]

where

(19)


